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Abstract

In this paper, we propose a chaotic fuzzy reference
tracking control with immeasurable states. First we
represent the chaotic system reference model into T-S
fuzzy models. Then a controller design is proposed to
deal with mismatched parameters between the system
matrices of the plant and reference model. Then an
observer is designed. For different premise variables
between the plant and reference model, a robust ap-
proach is used. Since simultaneous solution to both
the controller and observer gains with disturbances
are not trivial, a three step method is utilized. The
methodology proposed above is applied to Chua’s cir-
cuit in numerical simulations and DSP-based experi-
ments.

I. INTRODUCTION

Control for chaotic systems has lead to many fruitful results,
such as the famous OGY [1]. The representation of chaotic sys-
tems using T-S fuzzy models [2] has a unified approach (3, 4].
In addition, the T-S fuzzy model-based controller analysis and
synthesis rely on an linear matrix inequality (LMI) approach.
This modeling and controller design methodology, being sys-
tematic and straightforward, has lead to more results {5, 6].

To deal with some problems still existing in tracking con-
trol via T-S fuzzy models, we propose a methodology aimed
at 1) considering chaotic reference models; 2) coping with
mismatched parameters between the T-S plant and reference
model systems matrices; 3) estimating immeasurable states;
and 4) robust performance for different premise variables in
the T-S plant and reference fuzzy rules. A three step method
is utilized to solve the controller and observer gains. Finally, a
robust criterion is given to attenuate the disturbances arising
form different premise variables between the plant and refer-
ence model.

The rest of the paper is organized as follows. Section II
discusses the mismatched parameter issue. In Sec. III, im-
measurable states are considered and the observer-design is
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given. In Sec. IV, numerical simulations are carried out using
Chua’s circuit as an example. Some DSP-based experiments
are futher carried out in Sec. V. Finally, some conclusions are
given in Sec. VI.

II. MISMATCHED PARAMETERS IN SYSTEM MATRICES

In previous literature of T-S fuzzy model-based tracking con-
trol, most was based on linear reference models [7]. Since
chaotic systems are sensitive to parameter variations, the need
for exact parameters between the plant and reference system
is needed. Chaotic systems can be exactly represented as T-S
fuzzy model, therefore the inferred output of fuzzy represen-
tation for the plant without approximation errors is:

zr: hi (2) {Awx (8) + Biv (t)} -

=1

XT: hi (2) Csz (2)

i=1

wherez (t) =[ z1(t) =2 (t) Zn (t) |7 € R™ is the state
vector; A;, B;, C; are system matrices of appropriate dimen-
sions; z(t) = [ z1(t) 22 (t) 24 (t) |T are the premise
variables of the T-S fuzzy model which would consist of the
states of the system; h;(z(f)) = w;(2(2))/ X i wi(2 (1))
with w; (2(t)) = [1j-; Fji(2(t)) where Fy; for j = 1, 2,
..., g are fuzzy sets; v(t) is the control input. Note that
31 hi(2(2) = 1 for all t, where h;(z(t)) > 0 are nor-
malized weights. Some typical T-S exact representations for
chaotic systems are shown in [6]. Now we define a T-S fuzzy
representation of a chaotic reference model as

& (t)

y(t)

i

®

& (t) = > hi (20) {Anizr () + Bir (1)}

i=1

2)

where z,. (t) is the reference state; and 7 (¢) is a bounded ref-

erence signal.

Assumption 1 The reference states are bounded. |
For the plant (1), we design the input as

v (t) :ihi (2){—Hiz(®) +u(®)} fori=1,2, ..., 7. (3)

i=1
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where H; are the controller gains and u (t) is a new control
input to be designed. The resulting closed-loop system is

E(t) =D hi(2)hj () {(Ai — B:H;)z () + Biu (t)} .

i=1j=1

@)
The input (3) compensates the mismatching elements between
the system matrix of the plant and reference model under the
following conditions.
Theorem 1 Given B; and the mismatching elements of A;
and A,;. If there exists T = I'T > 0 such that the following
eigenvalue problem (EVP)

minimize €

subject to' >0, >0

[ el {(AT - BiN;) - ATY | _

{(AT — B;N;} — A} 1
(5)

is feasible where N; = H;T for i, j = 1, 2, ..., r, then
Il4; ~ A)* < e.
Proof. The proof is omitted due to lack of space. ]

III. CHAOTIC REFERENCE MODEL TRACKING

We will use an observer-based design to estimate the un-
known states of the reference model as

B() = 3 hi(2) {Ad(t)+Bru(t) + Li (y (1) - § (1)}
i=1

y(®) = S h(z)Cia ). G)
i=1

Define the estimation error e (t) = x (¢) — & (), then we have

e=Y" > hi(2)hy (2) {(4: — LiC)e}.

i=1 j=1

M

Since the state z (t) in (3) is immeasurable, we replace it by
estimation % (t) , which leads the error system along the modi-

fied plant model (4) and reference model (2) has the following
form

o= Y hi(2) {An + Bi(u(t) ~r(t))}

i=1

+zr:zr:hi (Z) hj (Z) B,-Hje+w

i=1 j=1

@)

where Z(t) = z(t) ~ z.(t) (the fact that Assumption
1 and weighting functions are bounded is used); w(t) =
STy {ha (2 () — hi (2 ()} {Arsay (&) + Bir (6)} and s re-
garded as a bounded disturbance. Using controller u () =

r(t) ~ Yioq hi (2(t)) Ki {& () — = (t)} in the system (8), we
obtain the closed-loop system

r

B35 e (2) g () {(Avi — Bek3) & 4 By (K + Hy) e}

i=1 j=1
(9)
From (7) and (8), an augmented system is given as

) =33 he (s (2) BsF 10

=1 j=1

(10)

where

&)= [ 2 ],Lj = [ Ao B )

- fw

Aj ~ LiCy ] VW= 0 :
For the tracking control of (10), we give the following result
Theorem 2 The augmented error system (10) has ro-
bust performance [ ®T (t)Q®(t)dt < &7 (0) P (0) +
- fOT llw )2 dt for a given semi-positive definite symmetric
matriz Q if there exists a common matriz P = PT > 0 and
such that

Proof. The proof is omitted due to lack of space. ]
Now we must convert Thm. 2 into an LMI to find the proper
gains K; and L; which solve the tracking control problem.

Assume that
-9 2]

i -
[AijP+I;A,J +Q P an

_1
FI

for all (3, 7).

_ P, 1 0

F= [ 0 P 0 Q
Since P = PT > 0 and Q = QT > 0, we have P;, P, are posi-
tive symmetric matrices and @, Q2 are semi-positive definite
matrices. From the assumption on P, Q, inequality (11) and
using Schur’s complement (8], we have

w1 P By (K_,- +Hj) PL o
T +HT) BT p, W, 0
(x5 7)) B 2 o ? <0 (12)
N o
0 Py 0 —Lr

where Wq; = A.,T.;Pl + PA,; — K}‘B?Pl - PlBin “+ Q1 and
Wag = AT P, + P A; — C'J-TL;FPg —P,L;C;+Q,. Premultiplying
and postmultiplying (12) by X, =block-diag{ X1, I, I, I} with

X1 =P ! and using Schur’s complement, we have
Wn B; (KJ- + Hj) I 0
kT + uT) BT Waa [ Py
( ) 17 ) o "%!'I ° S 07 (13)
P
0 Py a —dyr
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for all (i, j) where W1, = X3AT + A X; — XlK]TB,-T -
B;K; X, + X1Q1X;. In attempt to formulate (13) as an LMI
problem, we let Mj = Kle. Then Wu = XlA,T.; + Ani Xy —
MFBT — B;M; + X1Q1X1. However, The inequality (13) is
still not an LMI due to the conflict of Kj; in Wi and M;.
Hence, we will utilize a three step method. In the first step,
(5) is solved. In the second step, W11 < 0 is considered. Then
we have the following LMI

X1 AT, + AuXy - MTBT - BiM;  X,QF
1
Qix, I

From solving (5) and (14), we obtain T', N;, X3, M; and
therefore the compensation, new controller gains Hj, Kj, re-
spectively. Substituting these parameters into (13) and letting
O; = P L;, inequality (13) becomes an LML In the third step,
we obtain observer gains L; from solving for (13).

] <0. (14)

IV. NUMERICAL SIMULATIONS

To verify the theoretical derivation, we apply the above
method to the tracking control of the chaotic Chua’s circuit
[9] with immeasurable states. The reference model is governed
by the following system equations:

Zr1(t) = of=zr1(t) +Te2(t) — fzr1(2)))

Era(t) = Tr1(t) — Te2(t) + zra(t)

irs (t) = “_,er2 (t) (15)
where Flzr(t)) = 9aTr1(t) +
0.5(9a — 95) (Izra(t) + 1} ~ |z (t) — 1}). Using the T-§

fuzzy modeling method in {4], the reference system (15) is
represented as the fuzzy rules

Reference rule @: IF x,, (t) is F; THEN &, (t) = Ariz. (t)

for ¢ = 1, 2. The system matrices are

(dp—1)a a« O —(dr+1l)a o 0
AT1=[ : :;;]7141'2:{ z :}3},]
with fuzzy sets Frq = 3 (1— ﬂj—:l)-), Fo = 1 — F,; where
d. = sup, _ cq |¢ (zr1)| and
_ [ F@n) /o, forzm #0
¢l(zr) = { Ga, for z.1 =0.
For the reference model, the parameters ( @, 8, ga ¢ )=
(9 1429 -143 -071) and initial  conditions
(253 0.00 —4.81). For the plant, we assume that

only state xz; (¢) of the reference is measurable. The plant
model is given as

where Aa = a + § and § denotes "an arbitrary devi-
ation in the parameter a; and f(zi1(t)) = gez1(t) +
0.5 (ga — g») (|z1(2) + 1| — |z1(t) — 1|) . The fuzzy rules for the
plant are

Plant rule i: IF z, is F; THEN = = A;z + Bv
y = Czx

for i = 1, 2. The system matrices are

A T S R )
B=1[100),c=[100].

with fuzzy sets F} =

SUP,, eq [¢ (x1)| and

%(1_%11),‘[«‘2:1—1"1 where d =

f(z1) /21, forzi #0

o, forz;=0.

TR

For simulations here, we let 6 = 1. In Fig. 1, we depict the
observer-controller based Chua’s circuit (16). Here we illus-
trate the tracking errors in Fig. 2. The 3-dimensional tracking
performance is shown in Fig. 3 (reference plant dotted lines).

V. DSP-BASED EXPERIMENTS

Based on the numerical simulations above, we carry out
DSP-based experiments and show in Figs. 4 thru 6 the os-
cillocope images of the results for plant states z (t), z2 (t),
3 (t) tracking reference states z,q (t), Trq (£), zr3 (¢), Tespec-
tively.

VI. CONCLUSIONS

In this paper, we have extended the fuzzy tracking control to
chaotic reference models with mismatched parameters and im-
measurable states. Results of numerical simulations and DSP-
based experiments on the well-known Chua’s circuit shows the
validity of the approach.
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